AWuraualy

m'mLﬁaa\l‘[ﬂa‘luﬂ%gﬁ@mawafﬁl ﬁ';'\dﬁfﬂﬁ'ﬁﬂqmuﬂﬁ

Connectedness in a set of ideal generalized topological spaces
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Abstract

The aim of this paper is to study properties of connectedness in ideal generalized topological spaces. Precisely, we

provide characterization of },l* -connected sets, u*s -connected sets, u* -separated sets and },l* -component.
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Introduction

Kuratowski, (1966) and Vaiyanathaswamy, (1933) intro-
duced the concept of an ideal topological space. They
also studied concept of localization theory. An ideal is a
nonempty collection of subsets which are closed under
heredity and finite union. An ideal I on a topological
space (X,'c) is a nonempty collection of subsets of X
which satisfies : (1) A€l and B c A implies Bel and
(2) A€l and Bel implies AUBel.

The notion of connectedness in ideal topological
spaces has been introduced by E. Ekici and T. Noiri,
(2008). The concept of generalized topological space was
introduced by A. Csaszar, (2005). He found the theory of
generalized topology to study the extremely elementary

character of these classes.

ideal generalized topological spaces, u* -connected sets, u*s -connected sets, u* -separated sets,

A subfamily L of the power set P(X) of a non-
empty set X is called a generalized topology on X if
and only if 1) and the union of elements of LL belong
to U. We call the pair (X,p,) a generalized topological
space on X. The member of | is called a |L-open set
and the complement of a LL-open set is called a LL
-closed set.

For A c X, we denote by ¢, (A) the intersection
of all [L-closed sets containing A, and by I (A) the
union of all |L-open sets contained in A. For the ideal
I of X, the triple (X,p.I) is called an ideal generalized
topological space.

The purpose of this paper is to introduce and
study the union of connectedness in an ideal generalized

topological space. We study the notion of properties of
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},t* -connected sets, u*s -connected sets, u* -separated

sets and },t* -component sets. Next we recall some con-
cepts and definitions which are useful in the results. Some

examples are given to illustrate our concepts.

Preliminaries

In this section, we introduce concepts and defini-
tions which are useful in the results.

Definition 1 (S. Modak, 2016) Let (Xl) b
an ideal generalized topological space. A mapping
()™ PX)—>P(X) is defined as follows :

A" ={xeX:AnUgLVUepwyj for A < X where
ux)={Uepn:xeU}.

This mapping is called the local function associ-
ated with the ideal I and generalized topology L.

Definition 2 (S. Modak, 2016) Let (X,u.I) be
an ideal generalized topological space. The set operator
c™ is called a generalized * -closure and is defined as
c™(A)=AUA™ for AC X. We denote by u'(1I) the
generalized structure, generated by ¢* that is
i (ph)={UcX:c™(X\U)=X\U}. p(wl)is called a *
-generalized structure which is finer than . The elements

of u*(p,I) are called u* -open and the complement of ]J*

-open set are called },l* -closed. We simply write A™ for
A™M(wI).

Theorem 3 (S. Modak, 2016) The set operator
c™" satisfies the following conditions :

(1) Acc™(A)for AcX,

(2) ¢*(@)=@and c™(X)=X,

(3) c™(A)cc™(B), if AcBcX,

(4) c™(A)uc™(B)cc™(AUB),

(5) c™el(X) where ['(X) is the collection of
all mappings having the property monotony (i.e. such that
A B implies Y(A)<y(B)).

Throughout the paper L will represent a gen-

eralized topological spaces such that @,Xeu and the
union of elements of L belong to L.

Theorem 4 Let (X 1) be a generalized topo-
logical space. Then p" (1) is a generalized topological

space.
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Proof. Since u*(uyl)z{ugX:c*“(X\U)zx\u},
we have &, X are in u*(WI). Next, we will show that if
A ep forall neA, then JA ep’. Let A el for

neA

all neA. Since X\UA"gc*“(X\UAn), we have to

neA neA

show that ¢ (X\U An)g X\UA,: Consicer
xya)-e{neaa)
(nea)j{nean)]
s(neoa)j{geiar)
[X\A (X\A,)"]

=n[e"(X14,)]
SN(X\A,)

=:r;:(XmA:)

ey

-xo(ya

“X\UA.,

neA

A subset A of an ideal generalized topological
space (X.11) is said to be M- dense if c™(A)=X.
An ideal generalized topological space (X, 1) is said to
be u*- hyperconnected if A is u*- dense for every
nonempty |l -open subset A of X. A generalized
topological space (X,},t) is said to be L -hypercon-
nected if every pair of nonempty L -open sets of X has
nonempty intersection.

So that if (X,H-I) is an ideal generalized topo-
logical space and K is a subset of X, then (K,MK,IK )

where M is the relative generalized topological on K

and [, ={KnJ:Jel}is an ideal on K.
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Lemma 5 Let (X,,I) be an ideal generalized
topological space and M c K < X.

Then M™ (py I ) =M™ (n.I)nK.

Proof. Let xe M™ (. Iy ). Then xeK. Sup-
pose that x M ™ (,I). Then there exists a | -open set
U such that UNnMel. Since UMK €y (x). Then
(UnK)nM=(UNM)nK eI, .soxe M™(.I) and
x€K. This is a contradiction. Thus xe M™ (p.I)nK.
Conversely, let yeM*“(u,I)ﬂK. Assume that
y&M™ (I ). Then there exists G € i (y) such that
GNMel,. Since GE i (y), there exists LL-open set
U such that G=UNK. Since McK and I I,
‘UNnK)nMel so yeUNMEel. Thisis a contradic-
tion. Hence y e M™ (I ).

Definition 6 Let (X, 1,1) be an ideal generalized
topological space and M cC K < X. A generalized
* -closure on K is defined as ¢ (M)=c™ (M)nK.

Connectedness in a set of ideal generalized
topological spaces

In this section, we introduce the concept of },t*
- connected sets, },t*s- connected sets, p*— separated
sets and },l*- component. Moreover, we study charac-
terization of u* - dense and },l* - hyperconnected.

Definition 1 An ideal generalized topological
space (X,1,I) is called 1" - connected if X cannot be
written as disjoint union of a nonempty L - open set and

a nonempty u* - open set.

Definition 2 A generalized topological space
(X,u) is called L - connected if X cannot be written as
disjoint union of two nonempty L - open sets.
Example Let X ={ab,c.d},
u={J, X {ab}.{bc}{abc}}, [={T{b}}.
Then p' ={J,X,{a},{c},{ab},{a,c},{b,c} {ab,c},
{a,c,d},{b,c,d}}.
Therefore, (X,M,I) is " - connected.

Definition 3 A subset A of an ideal generalized
topological space (X,u,I) is called L’ - connected

i (A,uA,IA) is 1" - connected.
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Example LetX:{a,b,C,d},
u={3,X,{ab}.{b,c}.{abc}}, [={T{pb}}and
A={apb,d}. Then uA={@,A,{b},{a,b}}, IA={®,{b}}
and W, ={J,A{a}.{ab}.{ac}} Therefore, (A,p, I, )is
},L* - connected.

Remark 4 (1) Generally, it is known that
every LL-hyperconnected generalized topological space
is L - connected, but not conversely.

(2) Every ],l*- hyperconnected generalized
topological space is u* - connected, but not conversely.

(3) Every u*- hyperconnected generalized
topological space is - hyperconnected, but not con-

versely.

(4) Every },L*- connected generalized topologi-
cal space is L - connected, but not conversely.

Example (1) Let X ={a,b,c} and
n={D,X{a}.{b},{ab}}. Then the space (X,u) is
WL - connected but (X,u) is not L - hyperconnected.

(2) Let X ={ab,c,d},
u={J, X {a}.{c}.{ab}.{ac}.{abc}.{acd}} and
Iz{@,{b}}. Then the space (X,u,I) is 1" - connected
but (X,1,I) is not p” - hyperconnected.

(3) Let X ={ab,c,d},
n={@ X {ab}.{ac} {abc}} and]={D,{a}.{d} {ad}}.
Then the space (X,M) is - hyperconnected but
(X.p.I)is not p*- hyperconnected.

(4) Let X={a,b,c,d},
n={3.X{c},{ab}.{ac} .{ab.c}} and [={D,{b}}. Then
the space (X,pt) is [ - connected but (X,u,I) is not
},L* - connected.

Definition 5 Nonempty subsets M,K of an
ideal generalized topological space (X,j,l,I) are called
W - separated if ¢™ (M)NK =Mnc, (K)=4.

Definition 6 Let (X,1,I) be an ideal generalized
topological space and (Y,MV,IV) be a subspace of
X. Nonempty subsets M,K of (Y.u,.1,) are called
W' - separated if ¢ (M)NK =M ¢! (K)=.

Theorem 7 If M and K are W' - separated
sets of X and MUK e, then M is 1 - open and
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K is u* - open.

Proof. Let M and K be W"- separated sets
of X. Then we get that K < X\c™(M). Since ¢™ (M)
is W - closed and K=(MuK)m(X\c*“(M)). K is
a },L* - open set. We get that M is a |L - open set
likewise.

Theorem 8 Let (X, 11,1 ) be an ideal generalized
topological space and M\ KcYcX. MK are
1" - separated in Y if and only if M,K are U" - sepa-
rated in X.

Proof. Suppose that M,K are W" - separated
in Y. By Lemma 2.5, we get that

c'(M)nK =(c"(M)NY)nK=c*(M)nK.
Thus

¢ (M)nK=c*(M)nK = =(Mnc}(K))nK
=M (et (K)NY)=Mn((YNe, (K))Y)
=Mﬂcp(K)‘ Therefore M,K are " - separated in
X. Conversely, suppose that subsets M,K are u"-
separated in X. Since M,K C Y and by Definition 3.5,
we get that ¢™ (M)NK=Mnc, (K)=J. So

¢! (M)nK=c*(M)nK=Z=Mnc, (K)
=(MNY)ne, (K)=Mn(c,(K)NY)
=Mnct(K). Thus ¢! (M)NK =d=Mnc} (k).
Therefore M,K are u*- separated in Y.

Definition 9 A subset M of an ideal generalized
topological space (X,H,I) is called W - connected if
M is not the union of two },t*- separated sets in
(X,wI).

Theorem 10 Let (X, 1,1) be an ideal generalized
topological space. If M is a - connected set in
X and HK are U'- separated sets in X with
M cHUK, then either McH or M cK.

Proof. Let M be a ™ - connected set in X
and H,K be p"-separated setsin X with M c HUK.
Then M=M N(HUK )=(MnH)U(MnK) and
¢ (H)nK=Hnc, (K)=. Thus
(MNK)nc™(MnH)cKnc™(H)=J Likewise,
we have (MmH)mCH(MﬁK)ZQ- if MNH#J
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and MNK =, then MNH and MNK are pn*
- separated sets in X, so M is nota p'- separated
set. This is a contradiction. Thus either MMH or
MNK are empty. Assume that MNH=. Then
M=MnNK implies that M C K. In a similar way, we
have that M c H.

Theorem 11 Let (X, 1,1 ) be an ideal generalized
topological space. If M is a ;,t*s- connected set and
McKcc™(M), then K is 1™ - connected.

Proof. Assume that K is not },l*s - connected.

Then there exist H* - separated sets A and B
such that K=AUB ie. AB are nonempty and
c™(A)nB=Anc, (B)=.By Theorem

3.10, we get that either M C A or M CB.

Assume that M A. Thenc,(M)cc, (A) and
B=Bnc™*(M)cBnc, (M)=@. Thus B is an
empty set. This is a contradiction. Suppose M C B.
Then we have C*“(M) c C*H(B) and
A=Anc*(M)c Anc™(B)=@.Thus A is
nonempty. This is a contradiction. Therefore, K is

L™ - connected.

Corollary 12 Let (X,11,]) be an ideal general-
ized topological space. If M is a },L*S- connected set,
then ¢™ (M) is L™ - connected.

Theorem 13 Let (X,M,I) be an ideal generalized

topological space. If {M :neQ} is nonempty family of

1" - connected sets with (\M_ =, then UM,

. neQ) neQ)
isa W - connected set.

Proof. Suppose that (J M is nota u*s- con-

neQ)
nected set. Then we have that (JM_=AUB where
neQ)
Aand B are 1’ - separated sets. Since (\M =,

neQ)

we have a point xe (M. Thus xeM,  and
M, c AUB forall negniﬂlt follows from ANB=
that either x€ A or xeB. Case x€A. For any
neQ,Mn(‘\A;ﬁ@. Using Theorem 3.10, we have

M cA or M_cB. sSo M, CA forall neQ and
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then [JM, C A. This implies that B#(J. This is a
neQ

contradiction. In the same way for a case x € B, we have

A =(J. This is a contradiction. Hence |J M, isa u*s
n Q
- connected set. -

Definition 14 Let (X, I) be an ideal general-

ized topological space and x& X. The union of all 1"

- connected subsets of X containing x is called the
1" - component of X containing x

Theorem 15 Each },l*- component of an

ideal generalized topological space (XyPLI) is @ maximal
L™ - connected set.

Proof. Let x € X. Suppose that C, is },t*—com-

ponent of X such that x€C_ so CXZU{MJQX}
i€J

where Mj is a u*s— connected set containing x. Then

ﬂ{Mj QX:xeMj} #.Since M, is 1" - connected
]fec:r all j|:| J, theorem 3.13, implies that C, is u*- con-
nected. Next, let Ac X and A be M*S- connected
such that C_ QA. Then x€ A, by definition of C, we
have Agcx. Thus C_ =A. Therefore, C, is a maximal
L™ - connected set of X.

Theorem 16 The set of all distinct u* - compo-

nent of an ideal generalized topological space (X,;,L,I)

forms a partition of X.

Proof. Let M and K be two distinct 1" - com-
ponents of X. Suppose that M MK # . By Theorem

3.13, MUK is u*s- connected in X. Since
McMuUK. Then M is not maximal. Thus M and

K are disjoint. Since M and K are distinct " - com-

ponents of X. By Theorem 3.15, we get that M and

K are maximal ;,L*s- connected set of X. So,

M =X\K. Hence MUK =(X\K)UK =X.

Theorem 17 Each },L*- component of an
ideal generalized topological space (X,M,I) is W -
closed.

Proof. Let A be ].1*- component of X. Then,
by Theorem 3.15, and Corollary 3.12, we get that A is
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maximal 1" - connected and ¢™ (A)is [ - connected.

Thus A=c™(A). This implies that A be " - closed.
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